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Abstract

Until today, neither measurements nor theory are able to describe the complex processes at the interface that occur during coalescence
in liquid–liquid dispersions in a detailed way. With the model presented in this study, it is possible to characterize coalescence processes
with a single integral coalescence parameter. This parameter is obtained from a simple batch-settling experiment. If experimental data are
evaluated based on this model, it is ensured that the parameter is independent of the experimental equipment, mixing intensity and volume
fraction of the dispersed phase. Furthermore, the drop size in the dense-packed zone can be determined with this model. © 2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction

In several chemical engineering processes, e.g. azeotropic
distillation, liquid–liquid extraction and liquid–membrane
permeation, mixtures have to be handled which consist
of two saturated liquid phases with one phase (dispersed
phase) being dispersed within the other phase (continuous
phase) in the form of small drops. Such a mixture is called
liquid–liquid dispersion. A liquid–liquid dispersion can
easily be obtained by filling a cylindrical bottle with two
liquids—usually an organic and an aqueous phase—and by
subsequently shaking it vigorously. As a result, the aqueous
phase will be dispersed within the organic phase or vice
versa depending on the volume ratio between the two phases.

In Fig. 1, the decay of a dispersion in a batch-settling
experiment is shown. In this example, the heavy phase is
dispersed. After the shaking is stopped (timet = 0), the
sedimentation of the droplets directed towards their con-
tinuous phase can be observed. If drop sedimentation is
faster than drop–interface coalescence (drops combining
with their corresponding continuous phase), the droplets
will accumulate in a dense-packed zone. Within this zone,
the droplets grow in size due to drop–drop coalescence.
Thus drops eventually coalescing at the interface are larger
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than the drops originally generated. After a certain time
(t = tE), all drops have vanished and a distinct interface
can be observed inside the cylinder.

Trace impurities present one problem in modeling phase
separation in the batch-settling experiment as well as in
steady-state operated technical settlers. These impurities
cannot be avoided in practice and they change the settling
behavior significantly without measurably changing the
physical properties (�ρ, ηc, ηd, σ ) of the compounds which
are usually regarded to be responsible for phase separation
[1–4]. Effects like interfacial mobility and van der Waals
attraction or electrostatic pulsion play a role. These effects
occur on a microscopic scale at the liquid–liquid interface
and cannot be exactly quantified by measurement. Because
of this, liquid–liquid phase separation cannot be described
by simple correlations of characteristic quantities.

In order to characterize the settling behavior of a
liquid–liquid dispersion, an experiment is required. We
are using the batch-settling experiment because it is sim-
ple compared to others. In order to transfer the results
of the batch-settling experiment to a settler operated in
steady-state, it is necessary to derive a coalescence-specific
parameter from the settling experiment that does not depend
on the setup of the experiment. The estimation of such a
parameter is shown in the following. The model considers
drop sedimentation, balances of the amount of drops, drop
deformation in the dense-packed zone and coalescence
effects (drop–drop and drop–interface coalescences).
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Nomenclature

Ar Archimedes number (–)
cw friction coefficient (–)
F force (N)
g acceleration due to gravity (m/s2)
h height (m)
H Hamaker coefficient (N m)
KHR Hadamard–Rybczynski factor (–)
L length (m)
La Laplace number (–)
n exponent (–)
o/w volume ratio, organic to aqueous (–)
p pressure (Pa)
q defined by Eq. (6)
r radius (m)
Re Reynolds number (–)
t time (s)
v velocity (m/s)

Greek letters
ε volume fraction of dispersed phase (–)
η viscosity (Pa s)
ξ defined by Eq. (4)
ρ density (kg/m3)
σ interfacial tension (N/m)
τ coalescence time (s)
Φ Sauter diameter (m)
� difference (–)

Subscripts
0 initial value (after mixing is stopped)
∞ in infinite extended fluid
a out of contact area
c continuous phase
d dispersed phase
E end
f contact area
i at the interface
p dense-packed zone
py running variable in the dense-packed zone
s sedimentation
t between two drops
v asymmetrical
vdW van der Waals
z symmetrical

Superscripts
∗ dimensionless
′ end of sedimentation
mod modified

2. Description of drop sedimentation during the
settling experiment

In the range of free sedimentation (i.e. drops have not
entered the dense-packed zone yet), hardly any drop–drop
coalescence takes place. Hence, the sedimentation curve in
this range shows an almost linear slope (see Fig. 1). If the
sedimentation velocity of the swarm of dropsvs is deter-
mined from the experimental sedimentation curve in the lin-
ear range, well known models reported in the literature can
be applied to estimate the Sauter diameter of the drops. The
sedimentation model for drop swarms reported by Pilhofer
and Mewes [5] has been applied successfully:

Res = 3qε0

cwξ(1−ε0)



(

1+Ar
cwξ(1 − ε0)

3

54q2ε2
0

)0.5

− 1


 , (1)

where

Res = ρcvsΦ0

ηc
, (2)

Ar = ρc�ρgΦ3
0

η2
c

, (3)

ξ = 5K
−3/2
HR

(
ε0

1 − ε0

)0.45

, (4)

KHR = 3(ηc + ηd)

2ηc + 3ηd
, (5)

q = 1 − ε0

2ε0KHR
exp

(
2.5ε0

1 − 0.61ε0

)
, (6)

cw = Ar

6Re2∞
− 3

KHRRe∞
. (7)

This model is valid for Archimedes numbers above 1 and
volume fractions of the dispersed phase (ε0) between 0.06
and 0.55. The sedimentation of a single drop in an infinitely
expanded fluid enters the model through the Reynolds num-
ber for particlesRe∞. In order to calculateRe∞ in Eq. (7),
Pilhofer and Mewes recommend a model given by Hu and
Kintner [6]. However, this model is only valid for rela-
tively large drops. For small droplets below roughly 1 mm
diameter (depending on the system properties), the calcu-
lated sedimentation velocities can be negative. Because,
in settling experiments, the range of drop sizes between
0.5 and 4 mm diameter is particularly important, the Hu
and Kintner model cannot be applied. Comparing various
other model equations, it turns out that smaller drops can
be described using the equation given by Ishii and Zuber
[7]:

Re∞ = ρcvs,∞Φ0

ηc
= 9.72[(1 + 0.01Ar)4/7 − 1]. (8)

Since with the equations given, it is possible to calculate
the Sauter diameter from the sedimentation curve in the
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Fig. 1. Batch-settling experiment (left-hand side) and respective settling curve (right-hand side) with notation for different heights.

range of free sedimentation the difficult measurement of
drop size during the settling experiment is not necessary.
With the equations, the drop behavior between the sedimen-
tation curve and the dense-packed zone (see Fig. 1) is de-
scribed. Next, the height of the dense-packed zone will be
calculated. For that some balances are necessary.

3. Balances

Fundamental research in this area was carried out by
Hartland et al. [8,9]. Here, the important results which are
necessary for the evaluation are summarized. A detailed
derivation is presented elsewhere [8,9].

The slope of the coalescence curve, also referred to as
coalescence velocity (dhd/dt) amounts to

dhd

dt
= 2εiΦi

3τi
. (9)

Hereεi (∼1) is the hold up of the dispersed phase andΦ i the
Sauter diameter of the drops at the interface.τ i represents
the drop–interface coalescence time. Taking the drop–drop
coalescence timeτ t into account, the drop growth in the
dense-packed zone can be calculated from

dΦ(h, t)

dt
= Φ(h, t)

6τt
. (10)

For 0< t < t ′, the height of the dense-packed zone can be
expressed by

hp = (h0 − vst)ε0 − (1 − ε0)hd

εp,0 − ε0
, (11)

where

εp,0 = 1
2(εi + ε0) (12)

represents the average volume fraction of the drops in the
dense-packed zone. After free sedimentation is completed,
the equation simplifies to

hp = h0ε0 − hd

εp
. (13)

Since the sedimentation curve is continuous att = t ′, the
hold up εp in the regiont ≥ t ′ can be calculated by the
following exponentially increasing expression:

εp = εi − exp(−C1t − C2) (14)

with

C1 =
(vs − dhd/dt)ε2

p,0 + (dhd/dt)εp,0

(hd − h0ε0)(εi − εp,0)

∣∣∣∣∣
t=t ′

, (15)

C2 = −C1t
′ − ln(εi − εp,0). (16)

The hold up at the interface is approximately unity. For the
calculations,εi = 1 is used.

In the above equations, the coalescence timesτ i and τ t
are still unknown. For the calculation of these times, the
contact areas between a drop and the interface and between
two drops are needed. Both contact areas depend on the drop
deformation.

4. Drop deformation

For coalescence modeling, the drop geometry in the
dense-packed zone is required. The higher the dense-packed
zone, the stronger the deformation of the drops is due to the
pressure exerted by the drops resting on them. As a conse-
quence, the contact area (with radiusrf ) between two drops
increases and the radiusra, which describes the contour
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Fig. 2. Deformation of drops in the dense-packed zone (left side) and asymmetrical film drainage during coalescence process (right side).

of the channel formed between three drops, decreases (see
Fig. 2). When drop deformation is very strong, the drops take
a shape similar to that of a pentagonal dodecahedra [10].

The equations describing the drop deformation have to be
solved numerically. Corresponding calculations were carried
out. By close inspection of the calculated solutions, the fol-
lowing empirical formulae were derived by Henschke [11]:

rf ,t = 0.030Φ

√
1 − 4.7

4.7 + La
, (17)

ra = 0.5Φ

√
1 − 4.7

4.7 + La
(18)

with

La = �ρghpyΦ

σ
. (19)

Here, La is the Laplace number which represents the ra-
tio between the hydrostatic pressure and the interfacial ten-
sion. The hydrostatic pressure results from the drop-packing
heighthpy above the drop considered. Eq. (17) is valid for the
contact area between two drops (index t) which is relevant
for drop–drop coalescence. For drop–interface coalescence
(index i), the contact area is about three times larger be-
cause, on account of the dodecahedral shape, approximately
three pentagons are in contact with the interface. Therefore,
the following approximation can be used:

rf ,i = rf ,t
√

3. (20)

The derived equations for drop deformation are only valid
under the following assumption: The channels between the
drops are large enough to allow a free outflow of the contin-
uous phase compressed between the drops. If this condition
is not fulfilled, the drops are floated because they are pushed
by the flow of the continuous phase against the direction of
their sedimentation. Misek [12] and Jeelani et al. [13] also
referred to this problem. As a matter of fact, the influence

of the packing height is overestimated by far, if the drop de-
formation is calculated by the equations given above. There-
fore, Henschke [11] modified the Laplace number, which is
used in Eqs. (17) and (18) instead of that from Eq. (19):

Lamod =
(

�ρg

σ

)0.6

h0.2
py Φ. (21)

The exponents were fitted to the experimental data by com-
paring measured coalescence curves with the calculated
ones. With the modified Laplace number, most of the ex-
perimental data are well described (see coalescence curves
in Figs. 4–9).

5. Coalescence

For coalescence, the outflow of the fluid film between
two drops or between a drop and its continuous phase is the
time-determining factor.

In systematic investigations of the outflow [14–19], the
film thicknessh was recorded as a function of position and
time. It was found that the thickness of the fluid film is not
constant, but shows a minimum at the edge of the contact
area instead. Furthermore, the fluid film is not rotationally
symmetrical. This leads to an asymmetric film drainage rel-
ative to the normal axis of the contact area (see Fig. 2). Nice
photographs that show the asymmetric film drainage in sin-
gle drop experiments can be found, e.g. Fig. 1 in [14], Fig. 3
in [17] and Fig. 1 in [19]. From these experiments, it was
found that the drops are the coalescing faster in the case
of asymmetrical drainage than in the case of symmetrical
drainage. Unfortunately in the literature, only the symmetri-
cal case is considered in the mathematical models in detail.
This leads to a dependence of the form

τ ∝ rn
f , (22)

in which n reaches from∼1.4 in [22,23] to over∼2 in
[24,25] to 4.0 in [26,27]. However, ifn is larger than unity,
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Fig. 3. Simplified model of the asymmetric film drainage.

the calculation of batch-settling results in an increasing de-
cay time of the dense-packed zone with increasing drop di-
ameter. This has never been observed in settling experiments.

If the no-slip condition (Stokes) is assumed at the inter-
faces, an asymmetric film drainage occurs when the result-
ing pressure force acting on the drainage film

F = σ

ra
πr2

f (23)

is not located in the center of the film. For the modeling of
the film drainage, let the displacement from the center berv
and in dimensionless form

r∗
v = rv

rf
. (24)

The introduction of an asymmetric force may appear a little
arbitrary since at least in the case of single drop experiments
a symmetry along the vertical axis should exist. Neverthe-
less, the above mentioned photographs show an asymmetry
in the drainage film. Local differences in the mobility of the
interfaces are a possible explanation (Hartland [19]). Also
Chesters [20] considers mobile interfaces in the modeling.
If a mobile interface is the reason for the observed asym-
metry, the displacementr∗

v can be interpreted as a virtual
displacement. In this case,r∗

v is only a virtual aid for the
modeling of asymmetrical film drainage.

In dense-packed dispersions, the conditions are very dif-
ferent compared to single drops. Just the density difference
between the two phases results in an asymmetrical drainage
if the film between two drops is not horizontal. Further-
more, there is a drop-size distribution in a dispersion. So
not all drops have 12 neighbors and the drop deformation

is not completely symmetrically as photographs show (see
e.g. [21]). Since it is impossible to model all mentioned ef-
fects in detail, it seems adequate to summarize them in the
parameterr∗

v .
In order to simplify the problem, a two-dimensional film

is introduced as shown in Fig. 3. Since the bend of the film
is small compared to its size, it is sufficient to consider the
flow to be parallel to the horizontal coordinate. Applying the
principle of superposition, the forceF can be divided into a
symmetric contributionFz and an asymmetric contribution
Fv. For the asymmetric contribution, the line of action is
located exactly above the point of minimum film thickness.
Dividing of the force leads to two flow problems which can
be solved separately. The complete solution is obtained by
superposition of both the solutions.

The approaching of the interfaces at the point of minimum
film thickness, due to the symmetric force, can be estimated
using an equation from Buevich and Lipkina [22]:

dhmin

dt
= −0.812

σ

ηcrar
2
f

h3
min. (25)

The asymmetric force has two effects. On the side of its line
of action (left side in Fig. 3), the interfaces approach each
other quickly, whereas on the opposite side of the film, the
film thickness increases due to the film fluid which is driven
out of the dimple. Since the approaching of the interfaces is
mainly determined by the flow in the narrowest region, the
complex flow problem is reduced to the description of the
approach of two cylinders with a radiusra under the influ-
ence of the forceFv. If the approach suggested by McAvoy
and Kintner [28] is chosen to design a model and the varied
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geometry is taken into account (McAvoy and Kintner studied
the approach of two spheres), the velocity of the approaching
of the interfaces at the narrowest point can be expressed by

dhmin

dt
= − 2Fv

3πηcL

(
hmin

ra

)3/2

. (26)

SubstitutingFv (see Eqs. (23) and (24), Fig. 3) andL (see
Fig. 3) leads to the velocity of approaching of the interfaces:

dhmin

dt
= − 4σrf r

∗
v

3πηcr
5/2
a

hmin. (27)

This velocity and the velocity given by Eq. (25) have to be
superimposed to obtain the total velocity of approaching of
the interfaces. In practice, however, dhmin/dt caused by the
symmetric force component is considerably smaller than that
due to the asymmetric component. In this case, the coales-
cence time can be obtained by the integration of Eq. (25) with
the integration limits ofhmin = ∞, . . . , h andt = 0, . . . , τ :

τ = − 3πηcr
5/2
a

2σrf r∗
v h1/2

. (28)

After the interfaces have approached each other in such a
way that the van der Waals attraction [29]

pvdW = H

6πh3
(29)

is of the same order of magnitude as the internal drop pres-
surepf = σ/ra, the interfacial tension can no longer main-
tain the cylindrical shape of the interfaces. Consequently,
the drops coalesce (see also figures in [30,31]).

Inserting the thicknessh, which can be obtained from
pf = pvdW, into Eq. (28) leads to

τ = (6π)7/6ηcr
7/3
a

4σ 5/6H 1/6rf r∗
v
. (30)

Fig. 4. Drop growth inside the dispersion during the settling process. Experimental data of Siemons [33]: cyclohexanone dispersed in water, o/w=1/2.

This equation contains two unknown parameters: the
Hamaker coefficientH and the asymmetry parameterr∗

v .
The asymmetry parameter is adjusted to experimental set-
tling curves and thus is characteristic for the system used.
The Hamaker coefficient generally can be determined ex-
perimentally, but the values found in the literature for a
specific system can vary by a factor of 10. On the other
hand, for many systems, the Hamaker coefficient lies within
the same order of magnitude [32]. Since the Hamaker co-
efficient hardly affects the coalescence time due to the
exponent 1/6 in Eq. (30), and because additionally, errors
concerning the Hamaker coefficient are compensated by the
fit of the asymmetry parameter, its value is fixed here to
1 × 10−20 N m for all systems.

The settling experiment is completely described by
Eqs. (1)–(21) and (30). Their solution, i.e. the calcula-
tion of settling curves, can only be obtained numerically.
For this purpose, an algorithm was developed which con-
sists of two nested loops. The outer loop runs over dis-
crete time intervals�t while in the inner loop discrete
height elements�hp are considered. In the inner loop, the
drop growth in�t due to drop–drop coalescence in the
dense-packed zone and the drop–interface coalescence is
calculated.

6. Results and discussion

Siemons [33] carried out settling experiments in a stirred
cylindrical vessel with a filling height of 400 mm. He deter-
mined the Sauter diameter of the drops in the dispersion at
several heights as a function of time. The results for the sys-
tem cyclohexanone/water are shown in Fig. 4. The Sauter
diameters are shown as scaled circles.
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Fig. 5. Influence of the filling height on the settling curve during the settling experiment. Experimental data of Siemons [33]: methyl-isobutyl ketone
dispersed in water, o/w=1/2.

In contrast to Fig. 1 here, the light phase is dispersed in the
heavy phase. However, this means no principal difference in
the modeling.

A significant increase of the Sauter diameter can be ob-
served in the decreasing turbulence field during approxi-
mately the first 13 s after mixing has been stopped. After
that (13–53 s), the Sauter diameter in the region of free sed-
imentation does not change any more and is well described
by the model.

Inside the dense-packed zone, the Sauter diameter in-
creases as time proceeds. The drops coalescing at the end
of the settling process due to drop–interface coalescence are
more than three times larger than the drops initially gener-
ated. Both, the growth of the drops as well as the slope of the
coalescence curve, are satisfactorily described by the model.
It is worth noting that the calculated drop diameters in the
dense-packed zone are not adjusted to the experimental data
but are truly predicted. Only the asymmetry parameter of
the coalescence model (r∗

v in Eq. (30)) was adjusted to the
experimental data of the coalescence curve. In this case,r∗

v
turned out to be 0.073.

In another series of measurements, Siemons varied the
filling height in the settling cylinder. The settling curves ob-
tained for the system methyl-isobutyl ketone (MiBK)/water
are shown in Fig. 5 for filling heights of 400 and 200 mm,
respectively (symbols) together with the calculated settling
curves (full lines). For both filling heights, the settling curves
can be well described with the same value (0.0384) of the
asymmetry parameter.

Fig. 6 shows the experimental data of Nadiv and Semiat
[34]. They used a mixture ofn-heptane+ paraffin oil which
was dispersed in water. The settler diameter was 65 mm
and the initial dispersion height was varied from 315 to
945 mm. The full lines are calculated with the proposed

model usingr∗
v = 0.0053. Although the model estimates the

decay time for the smallest height a little large, the agreement
is acceptable.

The dispersion is usually produced by an impeller. So
it is to be expected that the drop size depends on the agi-
tation speed. Indeed in the literature (summary in [35]), a
corresponding dependence is reported. On the other hand, a
change in the drop diameter could only be observed rarely
in the settling experiments when the agitation speed was
varied while the other conditions were kept constant. This
discrepancy is probably due to the considerable drop–drop
coalescence during the first few seconds of the settling pro-
cess (see Fig. 4).

One example where a dependence of the settling curves
and thus of the drop size on the intensity of mixing was ob-
served is shown in Fig. 7. The measurements were carried
out by Berger [36]. The figure shows three settling curves of
the liquid–liquid system, cyclohexane/water. The agitation
speed was 300, 450 and 600 rpm, respectively. The calcu-
lation of the three curves with the model introduced above
gives a Sauter diameter of 1.027 mm for the fastest phase
separation. For the other curves,Φ0 (calc) = 0.606 and
0.488 mm are obtained. All the three settling curves can be
described with the identicalr∗

v =0.0297. If each of the curves
is fitted separately, values of 0.0299, 0.0290 and 0.0302 re-
sult (the quickest to the slowest phase separation). Thusr∗

v
can be determined clearly with high significance from a sin-
gle settling curve and does not depend on the drop diameter.

The variation of the phase ratio usually leads to a change
of the drop diameter in the settling experiments because
typically at low values of the hold up small drops are
generated during the dispersion process. In Fig. 8, settling
curves for different phase ratios are shown. The experi-
ments were carried out by Henschke [11] in a stirring vessel
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Fig. 6. Influence of the filling height on the settling curve during the settling experiment. Experimental data of Nadiv and Semiat [34]: mixture of heptane
and paraffin oil dispersed in water, o/w=2/3, settler diameter= 65 mm.

containing two counter-rotating shafts. With this setup, a
vortex is avoided without using inserts that might influence
coalescence.

For both o in w dispersions and w in o dispersions (shown
in Fig. 8), the smallest Sauter diameter calculated from the
sedimentation curve (0.612 and 0.530, respectively) results
from the smallest volume fraction of the dispersed phase
(o/w = 1/4 and o/w = 4/1, respectively). Furthermore, not
only the drop diameter but also the velocity of interfacial co-
alescence decreases with decreasing volume fraction of the
dispersed phase. The dependency between volume fraction,
sedimentation rate and coalescence rate is well described
with a constant value ofr∗

v . Fitting of the experimental set-

Fig. 7. Influence of the mixing speed on phase separation. Experimental data of Berger [36]: cyclohexane dispersed in water, o/w=1/1, settler
diameter= 38 mm.

tling curves yieldsr∗
v = 0.0383 for the o in w experiments

and 0.0385 for the w in o experiments. Even though these
values are almost identical in this special case, it cannot be
concluded that this is always so. In most cases, the value of
this parameter changes significantly if the type of the dis-
persion is changed.

Concerning experiments with varying volume fraction, it
has to be noted that the mutual saturation of the phases
(before they are filled in the stirring vessel) happens at a
constant phase ratio. By this procedure, the amount of trace
impurities which are extracted from one phase into the other
is constant. Only if this is ensured, different phase ratios can
be characterized by a constant parameterr∗

v .
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Fig. 8. Influence of the phase ratio on phase separation. Experimental data of Henschke [11]:n-butyl acetate/water; filled symbols, o dispersed in w
(r∗

v = 0.0383); open symbols, w dispersed in o(r∗
v = 0.0385); settler diameter= 80 mm.

Fig. 9. Influence of the phase ratio on phase separation. Experimental data of Jeelani and Hartland [37]: mixture of 25 vol.% decane and 75 vol.% paraffin
oil dispersed in water, settler diameter= 25 mm.

In the experiments of Henschke [11], the sedimenta-
tion rate is almost independent of the phase ratio but
the coalescence rate varies. A different behavior was ob-
served by Jeelani and Hartland [37]. In their experiments
with different phase ratios, the coalescence rate varies
and the sedimentation rate is almost constant. Probably
this is an effect of the solvent used (n-butyl acetate and
decane+ paraffin oil mixture, respectively). The model
proposed here is also capable of describing this effect.
The evaluation of the data of Jeelani and Hartland results
in r∗

v = 0.00915 for all the phase ratios. The experimen-
tal data are shown together with model calculations in
Fig. 9.

7. Conclusion

The parameterr∗
v calculated from only one settling curve

is independent of the filling height in the vessel (Figs. 5 and
6), the mixing intensity (Fig. 7) and the volume fraction of
the dispersed phase (Figs. 8 and 9).

This behavior indicates thatr∗
v is a basic parameter which

characterizes the properties of coalescence of a liquid–liquid
system. Furthermore, the model is able to describe the in-
crease in drop size in the dense-packed zone without an ad-
ditional parameter (Fig. 4).

If mass transfer occurs during the settling process as in-
vestigated, e.g. by Kyuchoukov and Kounev [38], a limit of
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the model is reached. In this case, Marangoni effects have
to be taken into account in the hydrodynamic modeling.
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